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Notion of Time 



Overview 

•  Previously: we looked at learning 
algorithms that did not model time 
explicitly 

•  Today: we will look at algorithms that 
consider time explicitly 
– Time series 
– Recurrent neural networks 
– Dynamical systems models 
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Chapter 8
Predictive Modeling with Notion of Time

In our previous chapter we have looked at a variety of classification and regression
algorithms. The approaches did however not consider the notion of time explicitly.
This is a shame, because there might be valuable information in developments over
time. Thinking of Bruce, his past mood ratings over the last days might together be
very predictive for his mood tomorrow, or for Arnold his progress during the past
days could be indicative for the developments tomorrow. Although we were able to
derive temporal features from our original sensory data, it might be much more nat-
ural to take these temporal aspects into account in the learning algorithm explicitly,
right? Well, you are in luck because we are going to discuss these temporal learning
algorithms in more depth in this chapter.

Fig. 8.1: Example dataset Bruce visualized
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Time Series 

•  Time series focus on: 
– Understanding periodicity and trends 
– Forecasting 
– Control 

•  Time series can be decomposed in three 
components: 
– Periodic variations (daily, weekly, … seasonality) 
– Trend (how the mean evolves over time) 
–  Irregular variations (left after we remove the 

periodic variations and trend) 
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Stationarity (1) 

•  Important concept: stationarity 
– Trends and periodic variations are removed 
– Variance of the remaining residuals is constant 

•  Prerequisite or intermediate step for many 
algorithms 

•  Additional criterion: the lagged 
autocorrelation should remain constant (note: 
xt represents the value of one attribute): 
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8.2.1 Basic concepts

Time series and their variations can be decomposed in three components: First,
periodic variations might be due to a daily, weekly, monthly, or annual seasonal-
ity as discussed in the mood example of Bruce. Periodic variations can also result
from other underlying mechanisms, e.g. the physics of running as in the example
of Arnold. Second, a long-term trend in the data describes how its mean evolves
over time. As you can imagine, depending on the specific context, it has to be de-
fined what long-term means and what form a trend might have - it does not always
have to be linear. Third, after removing the periodic component and the trend we are
left with irregular variations. Residuals can be due to random noise or some other
unknown and irregular causes.

This leads us to an important characteristic of a time series: stationarity. It is
beyond the scope to formally introduce stationarity as a probabilistic concept1. We
refer the interested readers to text books such as the one by Chatfield [31]. Here, we
choose a more intuitive and data-driven approach to understand stationarity. We call
a time series stationary if (i) trends and periodic variations are removed and (ii) if
the variance of the remaining residuals is constant over time. This means that both
the expected mean of a time series as well as its variance are constant. As we will
see stationarity is a major prerequisite (or intermediate step) for many methods in
time series analysis.

Let us look at a univariate time series x j
t . For the sake of a concise notation we

will drop j in the following consideration - so keep in mind, that in this section xt
does not refer to a vector with values for all attributes, but is the time series for one
of the attributes.

In a more general definition of stationarity it is not only the variance that has to
be constant over time but also the lagged autocorrelation which can be defined as

rl =

N�l
Â

t=1
(xt � x̄)(xt+l � x̄)

N
Â

t=1
(xt � x̄)2

(8.1)

where x̄ is the sample mean of the time series xt . Autocorrelation with lag l mea-
sures (as the name suggests) the correlation between a time series and a shifted vari-
ant (by l time steps) of itself. It is an important measure that can provide clues to
an underlying model that describes the data well and characterizes the predictability
of a time series. Figure 8.2 shows three example time series and the corresponding
empirical autocorrelation plots, also called correlograms. Figure 8.2(a) represents
random noise, where each data point is independent and identically distributed from
the same normal distribution. As you would expect there is no autocorrelation for

1 It should be noted that it is not the time series itself that is stationary, but an underlying probabilis-
tic model that is assumed to generate the time series. Nevertheless, in practice the term stationarity
is often tagged to a time series. See 8.2.3.



Stationarity (2) 

•  Autocorrelation represents in how far there 
is a correlation between a time series and 
a shifted version of itself (with λ steps) 
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Fig. 8.2: Lagged Autocorrelation for various time series: (a) random, (b) moderate
autocorrelation, (c) non-stationary

l > 0. In 8.2(b) we introduce some memory over a couple of time steps which leads
to autocorrelation. How we can caculate this will be discussed in the next sections.
Finally, 8.2(c) displays a time series that is generated by calculating the cumulative
sum of the time series under (a). Because time series (c) exhibits a linear trend, you
see immediately that it is non-stationary. In the next section we learn how we can
model trends and periodicity of time series.

8.2.2 Filtering and smoothing

To analyze trends in time series, we start with a simple approach that is close to
what we have already seen in Chapter 2. Remember, what we did in order to reduce
the noise of the raw data: We defined a regular spaced time grid with a time window
D t and aggregated the unevenly spaced (raw data) measurements accordingly (XT).
As a result we were able to not only reduce the variability of data and to handle
missing values but also to bring the data into a rectangular shape as it is useful for a
variety of machine learning algorithms discussed in Chapter 7.

random	

some	memory	over	
past	2me	points	

cumula2ve	sum	of	(a)	
–	non-sta2onary	



Filtering and smoothing (1) 

•  Let us assume our time series of values xt 
with a fixed step size Δt 

•  We can apply a filter to our data, taking q 
points in the future and past into account: 

•  This generates a new time series zt 
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Now, instead of working with a fixed time grid we could generate a new time
series z j

t that is a linear transformation of an existing time series (for instance the
point x j

t ), by defining

zt =
q

Â
r=�q

arxt+r (8.2)

where ar is a weight vector and q is the number of measurements in each direction
from t that are taken into account when generating the new time series zt . Such a
transformation is called a linear filter. Linear filters are both useful and powerful.
Let’s look at a simple case where ar = (2q+ 1)�1 for r 2 {�q, . . . ,q} and ar = 0
for all other r. As a result zt is the average of the 2q+ 1 adjacent measurements
of xt , the so called moving average. If we believe that the measurements close to t
are more important for the newly generated time series we can simply increase the
weights around t. For example we could give ar a triangular shape:

ar =

(
q�|r|

q2 �q  r  q

0 otherwise
(8.3)

Another common approach is exponential smoothing

ar =
a(1�a)|r|

2�a
(8.4)

where a is a constant with 0<a < 1. The smaller we choose a the more importance
is given to past and future measurements (Figure 8.3). Often exponential smooth-
ing only takes past measurements into account (enables online processing of data
streams).

Do you remember what we wanted to do? Right, find and remove a trend. An
effective way to do so, is to use a technique called differencing. Differencing is a
special and at the same time simple filter with a0 = 1 and a1 = �1 and all other
ar = 0 which results in zt = xt � xt�1 = —xt . Here, — is defined as the operator that
calculates the difference between two adjacent measurements. If we apply the —-
operator multiple times, e.g. d times, we say that we apply d-th order differencing,
e.g.

—2xt = —xt �—xt�1 = xt �2xt�1 + xt�2

To see why differencing is able to remove trends, we have to understand that the con-
tribution of a long-term trend to two adjacent measurements is quite similar. Thus,
subtracting the two measurements removes the trend. A drawback of differencing is
that the variance of the detrended time series increases. This is true because xt�1 is
not a very good approximation of the trend component. However, we can interpret
zt as a proxy for the trend. Thus, after taking the difference xt � zt only the local,



Filtering and smoothing (2) 

•  What could ar look like? 
–  If we take                         it is just the moving 

average 
–  If measurements closer to t are more 

important we can use a triangular shape: 

– Or exponential smoothing (only past time 
points mostly): 
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Filtering and smoothing (3) 

•  Example exponential smoothing 
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Fig. 8.3: Exponential Smoothing of the time series from Figure 8.2. Black dotted
(red dashed) line corresponds to a = .2 (a = .05)

e.g. periodic, variation remains. This corresponds to a new linear filter with weights
br = �ar for all r except r = 0 for which br = 1� ar. We apply this by using our
exponential smoothing filter (Figure 8.4)

”Art” is a term we use in the title of this book - here we have another example: it
is a kind of an art to say what the q and ar should be to find trends, it depends on our
understanding of the problem at hand. For example, if you want to use a smartphone
to detect stepping patterns of person that has her phone in the pocket, there might be
periodic pattern with a frequency of about 1Hz. At the same time the orientation and
position of the smartphone in the pocket of that person might vary over longer time
intervals. To extract the stepping pattern, we would like to remove changes that are
due to the changing orientation of the smartphone, so we would use a time interval
for smoothing that is significantly larger than 1 second. We will return to this in an
example at the end of this section.

8.2.3 Autoregressive Integrated Moving Average Model - ARIMA

In this section we will take a more conceptual approach to modeling time series. We
do so because we ultimately want to estimate a model that describes the empirical
data well and that can be used to predict future data points.



Filtering and smoothing (4) 

•  Now how can we remove a trend? 
•  Let us take a filter again, but a simple one: 

•  This takes the different between the current 
and previous measurement 
– A long term trend has more or less the same 

influence on the previous and current time point 
•  We can apply this operator d times (e.g. 

d=2): 
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Filtering and smoothing (5) 

•  But xt-1 might not be a good estimation of 
the trend, we can therefore also use an 
exponential smoothing zt and take xt – zt 
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Fig. 8.4: black solid line = example time series, red dashed = trends through expo-
nential smoothing, blue dotted line = detrended time series

We can think of time series as being generated by a stochastic process, that is a
mapping of time point t to a probability distribution Pt . It is this probability distribu-
tion that is assumed to generate the actual measurement xt . Based on this distribution
we can define the mean function

µ(t) = E[Pt ]

and the autocovariance function

g(t1, t2) = E[(Pt1 �µ(t1))(Pt2 �µ(t2))]

Following up on our discussion along the empirical Equation 8.1 we say a stochastic
process Pt is stationary, if the mean function µ(t) = µ is constant over time and the
autocovariance function only depends on the time difference l = t2 � t1

g(t1, t2) = g(l )

Let us start with a discrete random process for which Wt (sometimes called white
noise, hence the symbol W ) is the normal distribution with variance s2

W and all the
observed data points are independently drawn from this distribution (independent
and identically distributed, i.i.d.)). Since the observations are statistically indepen-
dent, we know that only the expected variance is non-zero while all other autoco-
variance terms are zero.



ARIMA (1) 

•  Of course we would like to forecast, let us 
turn to ARIMA 
– Assume a measurement at time point t is 

generated by a probability distribution Pt 
– The expected mean is: 
– The auto-covariance function is: 

– A series is stationary when the mean is 
constant and when the auto-covariance only 
depends on the time difference λ = t2 – t1 
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ARIMA (2) 

•  We assume that the probability distribution at 
time point t is regressed on its own lagged 
values (p past measurements to be precise) 

•  Wt is the noise we encounter. We can 
account for the noise by a moving average 
component (with q past values) 

•  Overall the model becomes: 
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f(B)Pt ⌘ (1�f1B� · · ·�fpBp)Pt =Wt (8.7)

Even though it takes some careful mathematical considerations, you can intuitively
imagine that equation 8.7 can be rewritten as

Pt = f�1(B)Wt = (1+q1B+q2B2 + . . .)Wt

which can be proven using the Taylor expansion of (1�f1B� · · ·�fpBp)�1. This is
an interesting representation of an AR process because it shows that an AR process
of finite order p can be represented as an infinite order MA process (compare with
Equation 8.5). The opposite is also true for a finite order MA process - it can be
represented as an infinite order AR process. This is referred to as the duality of AR
and MA processes [86].

Why is that interesting? Since AR processes can be represented as MA processes
and vice versa, it would be sufficient to only use one of them to fully describe a
process that originally was generated by a mixture of both an AR and a MA process.
However, we are interested in finding a process model that is as simple as possible
in terms of the number of unknown parameters (principle of parsimony). For this
purpose we mix an AR process of order p and a MA process of order q into an
ARMA(p,q)

Pt = f1Pt�1 + . . .fpPt�p +Wt +q1Wt�1 + . . .qqWt�q (8.8)

When we turn to real time series, e.g. the mood of Bruce, we often observe
that they are not stationary and thus, can not be modeled by an ARMA process.
One reason for that can be a drift in the mean. In the previous section we applied
differencing to remove drifts of the mean. That is what the autoregressive inte-
grated moving average (ARIMA) model does by replacing Pt in Equation 8.8 by
Vt = —dPt = (1�B)dPt . The term ”integrated” comes from the fact that Vt has to
be summed up to yield the original, non-stationary, time series Pt . The order of dif-
ferencing d enables us to not only remove linear trends but also trends that can be
approximated by higher order polynomials. We say ARIMA-models are of order
(p,d,q).

ARIMA models can be extended to also account for seasonal variations, e.g.
the weekday dependency of Bruce’s mood. The basic idea behind it is not to apply
the differencing to neighboring measurements but to those measurements which
are separated by the seasonal period, in this case 7 days. In addition, we can include
latent variables (our attributes) to predict the values of our time series in combination
with the techniques we have discussed in the section. This is called the ARIMAX
model. It is beyond the scope of this book to discuss the details of seasonal ARIMA
and ARIMAX models (see the seminal textbook from Box and Jenkins [22]).

With ARIMA processes we have a powerful instrument to describe models that
generate univariate time series data. In the next section we will provide you with
basic ideas how to estimate ARIMA models.



ARIMA (3) 

•  In addition, we consider differencing with an 
order d  

•  So how do we find the values for p, q, and d? 
– For p we can look at the correlation between xt 

and xt-p (Partial Autocorrelation Function) 
– We can do a grid search over the other 

parameters and determine the goodness of fit 
(e.g. using the Akaike Information Criterion) 

•  And how about the other parameters? 
– We use our data, e.g. for autoregressive 

component: 
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8.2.4 Estimating and forecasting time series models

Let us assume we know that a time series xt was generated by an AR process of
order p with mean equal to 0. Then we can use equation 8.6 to find least square
estimates for f1, . . . ,fp by minimizing

S =
N

Â
t=p+1

(xt �f1xt�1 � · · ·�fpxt�p) (8.9)

We refrain from going through the details of the solutions for specific values of p
as they can be found in dedicated textbooks (see for example p. 121ff. in [98]). But
one important question is still open: How do we find the right value for order p? To
answer this question, the so-called Partial Autocorrelation Function (PACF) is used.
Basically, the PACF of order p measures the correlation between to measurements
xt and xt+p that is not already captured by the AR(p-1) process [31]. That said, the
empirical PACF plot of a time series that was generated by an AR(p) process cuts
off at lag p and therefore presents a clue to what the order of the AR process is.

When it comes to fitting a pure MA process, finding the right order q of the
process is reasonably easy: As we have argued before, the Autocorrelation Function
(ACF) cuts off at lag q. At the same, estimating the parameters of the generating MA
process is more difficult and found by employing numerical techniques. The same
is true for ARMA (and ARIMA) processes. To estimate a non-seasonal ARIMA
process a grid search over the 3 parameters (p,d,q) can be performed and evaluated
along typical criteria for model selection such as Akaike’s Information Criterion
(AIC) or Bayesian Information Criterion, accounting for both, the goodness of fit
and the number of independent parameters. We will explore this in the case study.

We engage in time series analysis to not only understand the different compo-
nents that are likely to have generated the data we observe but also to predict what
happens in the near future. Once we have estimated the parameters of an ARMA
process we can use equation 8.8 to predict future measurements. Due to the white
noise Wt the prediction quickly becomes uncertain and approaches the mean of the
time series under consideration. In addition to that we have to account for seasonal
trends in the data. As we will see in the case study, this can be tricky.

A concluding remark before we jump to a concrete example: time series analysis
is an active field of research and extensively used in practice. So, there is a wealth
of other topics related to time series analysis that are covered in other chapters and
sections of this book such as Kalman Filtering (3.3), Fourier Transformation (4.2.1),
and to some extend state-space-models (8.4). For other topics that are equally im-
portant for time series analysis such as multivariate time series (VARMA model),
long-memory models, or Bayesian analysis of time series we refer to standard text
books [31, 98, 28, 40].



ARIMA - example (1) 

•  One step ahead prediction (p=3, q=2)  
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Fig. 8.7: Autocorrelation Function (ACF) for a set of 2000 raw data measurements
(⇡ 10 sec) and Partial Autocorrelation Function (PACF) for the same set of raw data

Fig. 8.8: The blue line represents 500 measurements of the original data, the red line
the one-step-ahead-prediction

ARIMA (SARIMA) model. We can decompose our time series in a seasonal compo-



ARIMA - example (2) 

•  Multiple steps ahead prediction (p=3, q=2)  
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Fig. 8.9: The blue line indicates the original time series that was used to estimate
the ARMA model. The red line is the ”long-term” prediction, the shaded area its
uncertainty.

nent and a residual part (difference between the measured values and the seasonal
component). The ARIMA model can then focus on the the residue. If we look at
Figure 8.8 we have seen before, we see that about every second (1.07 seconds to be
precise) we see a recurrent pattern. Figure 8.10 shows the decomposition. We can
see that the seasonality component accounts for a large part of our data.

We again take p = 3 and q = 2. As we can see in Figure 8.11 we have a decent
fit. If we want to predict measurements that are even further in the future, again the
prediction levels are off and the interval of uncertainty increases. The reason for that
is, that the long-term lagged autocorrelation decreases with the lag, so that predic-
tions become more and more uncertain. Overall, you can see that the instruments we
have described are very helpful when it comes to predicting time series with some
regularity.



ARIMA - example (3) 

•  Seasonality decomposition  
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Fig. 8.10: The data decomposed in a seasonality and a residual part

Fig. 8.11: The blue line indicates the original time series that was used to estimate
the SARIMA model. The red line is the ”long-term” prediction, the shaded area its
uncertainty.



ARIMA - example (4) 

•  Multiple steps ahead prediction with 
seasonality (p=3, q=2)  

17	

8.2 Time Series Analysis 179

Fig. 8.10: The data decomposed in a seasonality and a residual part

Fig. 8.11: The blue line indicates the original time series that was used to estimate
the SARIMA model. The red line is the ”long-term” prediction, the shaded area its
uncertainty.



Neural networks with time 

•  Variant of neural networks that take time 
component into account explicitly 

•  Let us consider the simplest variant first: 
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8.3 Neural Networks

Next to time series, we will also discuss neural networks. We have already seen
several variants of neural networks, but here we will focus on some that can deal
with temporal data explicitly. These fall into the category of the so-called recurrent
neural networks. We will first introduce the most basic variant of a recurrent neural
network, followed by an explanation of a more state-of-the-art approach.

8.3.1 Recurrent Neural Networks

X1(t)	

X2(t)	

Xp(t)	

Y1	(t	+	1)	

input	
layer	

internal	network	

output	
layer	

Y1(t)	

Fig. 8.12: Simplified Recurrent Neural Network

Figure 8.12 shows an example of a recurrent neural network. Compared to the
neural network examples we have previously considered recurrent neural networks
can contain cycles that feed the values of a neuron at a previous time point (assuming
discrete time steps) back into the network. Hence, we create a form of memory. In
our figure, the output of the network (Y1) is fed back as input. Time is expressed by
means of the brackets behind each attribute, so we predict the next value Y1(t + 1)
based on the previous values of the input (X1(t), . . . ,Xp(t)) and the previous value of
the output (Y1(t)). Precisely what values are fed back into the network depends on
design choices, in our figure it concerns the output, but any choice can be made here.
Let us consider our example shown in Figure 8.1 again. We might want to predict the
mood of Bruce based on the activity level. We can build a recurrent neural network
for predicting mood at the next point in time (i.e. t + 1). As input for the model,
we use the previous mood predictions (Y1(t)) and the other measurements at the
previous time point (X1(t), . . . ,Xp(t), in this case only activity level).

The crucial question we are left with now is how we train these networks. We
have seen the backpropagation algorithm before, but that does not take the notion



Recurrent neural networks (1) 

•  Not very different from our previous neural 
networks, but cycles make training tricky 
– How do we handle this? 
– We unfold the network, and apply back 

propagation again 
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of time into account. With this new setting our predictions not only depend on the
inputs of the network but also on the values of neurons at the previous time step. As
a consequence, we cannot update the weights based on the observed error by solely
looking at the state of a network at a single time point. So how do we solve this
problem? Well, it works less complex as you might expect: we ”unfold the network
through time”, this means nothing else than that we create an instance of the net-
work for each previous time point, and connect these. Normally, we set a maximum
number of time points we consider in history, n. The algorithm is naturally called
backpropagation through time (see e.g. [111] for a more extensive discussion).

X1(t-1)	

X2(t-1)	

Xp(t-1)	

internal	network	

Y1	(t)	

X1(t-2)	

X2(t-2)	

Xp(t-2)	

internal	network	

X1(t-n)	

X2(t-n)	

Xp(t-n)	

internal	network	

Fig. 8.13: Unfolded Recurrent Neural Network

An example is shown in Figure 8.13 where we move n steps back in time. This
means that we end up with a network consisting of n subnetworks representing one
point in time. This combined network is without cycles. We also do this for cases
where not only the output is fed back as input, but other recurrent connections exist.
This trick allows us to use backpropagation again! Of course, we do have to include
the notion of time that we have now added. The precise update rule is expressed
below. Note that we use brackets behind some variables to express time explicitly
to stay in line with our previous explanation of the backpropagation algorithm. Fur-
thermore, similar to the backpropagation explanation we use brackets in superscript
to identify the neuron for ŷ.

For weights of non-recurrent connections:

Dwi j = hd j(t)ŷ
(i)
t (8.10)

d j(t) =

(
j 0(v j(t))(y

j
t � ŷ( j)

t ) if j is an output node
j 0(v j(t))Âk

1(dk(t)w jk) otherwise
(8.11)

For weight of recurrent connections:

Dwi j = hd j(t)ŷi
t�1 (8.12)

d j(t �1) = j 0(v j(t �1))
k

Â
1
(dk(t)w jk) (8.13)

We see that the update rule remains the same for the non recurrent connections,
although we did of course add the time factor in it explicitly. For the recurrent con-



Recurrent neural networks (2) 

•  How does this work mathematically? 
– Update of regular connections remains the 

same: 

– For recurrent connections we take: 
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of time into account. With this new setting our predictions not only depend on the
inputs of the network but also on the values of neurons at the previous time step. As
a consequence, we cannot update the weights based on the observed error by solely
looking at the state of a network at a single time point. So how do we solve this
problem? Well, it works less complex as you might expect: we ”unfold the network
through time”, this means nothing else than that we create an instance of the net-
work for each previous time point, and connect these. Normally, we set a maximum
number of time points we consider in history, n. The algorithm is naturally called
backpropagation through time (see e.g. [111] for a more extensive discussion).
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An example is shown in Figure 8.13 where we move n steps back in time. This
means that we end up with a network consisting of n subnetworks representing one
point in time. This combined network is without cycles. We also do this for cases
where not only the output is fed back as input, but other recurrent connections exist.
This trick allows us to use backpropagation again! Of course, we do have to include
the notion of time that we have now added. The precise update rule is expressed
below. Note that we use brackets behind some variables to express time explicitly
to stay in line with our previous explanation of the backpropagation algorithm. Fur-
thermore, similar to the backpropagation explanation we use brackets in superscript
to identify the neuron for ŷ.

For weights of non-recurrent connections:

Dwi j = hd j(t)ŷ
(i)
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t � ŷ( j)

t ) if j is an output node
j 0(v j(t))Âk

1(dk(t)w jk) otherwise
(8.11)

For weight of recurrent connections:
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t�1 (8.12)

d j(t �1) = j 0(v j(t �1))
k
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1
(dk(t)w jk) (8.13)

We see that the update rule remains the same for the non recurrent connections,
although we did of course add the time factor in it explicitly. For the recurrent con-
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problem? Well, it works less complex as you might expect: we ”unfold the network
through time”, this means nothing else than that we create an instance of the net-
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An example is shown in Figure 8.13 where we move n steps back in time. This
means that we end up with a network consisting of n subnetworks representing one
point in time. This combined network is without cycles. We also do this for cases
where not only the output is fed back as input, but other recurrent connections exist.
This trick allows us to use backpropagation again! Of course, we do have to include
the notion of time that we have now added. The precise update rule is expressed
below. Note that we use brackets behind some variables to express time explicitly
to stay in line with our previous explanation of the backpropagation algorithm. Fur-
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to identify the neuron for ŷ.

For weights of non-recurrent connections:

Dwi j = hd j(t)ŷ
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although we did of course add the time factor in it explicitly. For the recurrent con-
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•  Training of RNN’s is difficult 
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•  Have a reservoir of randomly collected 

neurons 
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Fig. 8.14: Echo State Network (note that the input layer is fully connected to all
neurons in the reservoir and the same holds for the reservoir with the output layer)

of the network can be calculated as follows (assuming an activation function j and
jout for the reservoir and the output layer respectively):

ri+1 = j(Winxi+1 +Wri+1) (8.14)

ŷi+1 = jout(Woutri+1) (8.15)

Ok, so how do we learn? Well, just do the same as what we have done before, we
can just feed our temporal training data in a time ordered fashion and find weights
that minimize the error between the desired output Y and the predicted output over
the entire time series. Usually, the pseudo inverse method is used in the case of
echo state networks. We do specify an initialization period during which we do
not consider performance (the network needs to stabilize at first), this is called the
washout time.

Nice, very simple, very lean, but you can imagine that this random reservoir
seems a bit fishy, does it work well? Well, in fact it does, it has been shown to out-
perform other regression and classification algorithms in a variety of cases. Further-
more, the computational properties are very nice, and the network is very expressive
(in fact, as expressive as regular neural networks). So where is the catch? Well, there
is a catch when it comes to the initialization of the reservoir. It needs to be initialized
such that the echo state property is satisfied (cf. [57]):

Definition 8.1. Echo state property: The effect of a previous state ri and a previous
input xi on a future state xi+k should vanish gradually as time passes (i.e. k ! •)
and not persist or even get amplified.

In other words the reservoir should never amplify or let values of states/neurons
persist. Otherwise, it will be impossible to learn the temporal patterns we envision.
Unfortunately no formal procedures exist that are guaranteed to give us a reservoir
with the echo state property. However, a heuristic exists that works well in practice.
If you are unfamiliar with the terminology that follows there is no need to worry,



Echo state networks (2) 

•  We have several matrices of weights: 

•  Win and W are randomly set and fixed, we 
only learn Wout 

•  We compute the output as follows: 
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nections, we see a slightly modified version, since we are shifting between networks
representing two different time points. The update of the weight between neuron i
(being the output of a network at the previous time step t �1) and a node j (being a
node in the network for the time point t) is defined similar as we have seen before.
We do however take the calculated output value at the previous time point ŷ(i)t�1 and
the delta of the connecting node j at time point t: d j(t). d j(t � 1) propagates the
error back to the network for time t � 1 from node j connected to the network for
time t.

As you can see, we do not explicitly represent the weights by means of time.
However, for each network for a time point we do derive an update for the weight.
We will simply sum all updates to derive the new (universal) weight across all con-
nected networks.

8.3.2 Echo State Networks

Although backpropagation through time is quite elegant if we may say so, it does
come at a price: high computational overhead, and the probability of getting stuck in
a local minimum is not imaginary. More recent developments for learning of tem-
poral patterns using neural networks include echo state networks (cf. [58]), part
of reservoir computing. The principle of reservoir computing is to have a huge
reservoir of fully connected hidden neurons with randomly assigned weights. Also,
weights from the input layer to the hidden neurons (that are again fully connected)
are randomly generated. The only part that is not set randomly are the weights from
the hidden neurons to the output layer. These connections in the reservoir can be
cyclic in the case of echo state networks, thus allowing for the representation of
temporal patterns. The non-cyclic case is called extreme learning machines. Let us
look at the approach in a bit more detail. Figure 8.14 shows an example of an echo
state network. Note that we did not draw all connections from the input to the reser-
voir and from the reservoir to the output.

Let us specify the network in a bit more formal way. Of course, p is our number
of input units while we consider n internal neurons and l output units. Next to xi (our
ith training vector) we can specify ri as the vector with the activations of all neurons
in the reservoir and ŷi as the output values. The weights of the neural networks are
expressed by means of matrices:

• Win is an n⇥ p matrix for the weights from the input layer to the reservoir.
• W is the n⇥n matrix of the internal weights in the reservoir.
• Wout is the l⇥n matrix that specifies the weights to the connections between the

reservoir and the output.

Sometimes an additional set of connections going back from the output into the
reservoir is considered, but we will not take that into account here. As said, Win and
W are randomly initialized, while Wout is learned. We can see that the activation
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Fig. 8.14: Echo State Network (note that the input layer is fully connected to all
neurons in the reservoir and the same holds for the reservoir with the output layer)

of the network can be calculated as follows (assuming an activation function j and
jout for the reservoir and the output layer respectively):

ri+1 = j(Winxi+1 +Wri) (8.14)

ŷi+1 = jout(Woutri+1) (8.15)

Ok, so how do we learn? Well, just do the same as what we have done before, we
can just feed our temporal training data in a time ordered fashion and find weights
that minimize the error between the desired output Y and the predicted output over
the entire time series. Usually, the pseudo inverse method is used in the case of
echo state networks. We do specify an initialization period during which we do
not consider performance (the network needs to stabilize at first), this is called the
washout time.

Nice, very simple, very lean, but you can imagine that this random reservoir
seems a bit fishy, does it work well? Well, in fact it does, it has been shown to out-
perform other regression and classification algorithms in a variety of cases. Further-
more, the computational properties are very nice, and the network is very expressive
(in fact, as expressive as regular neural networks). So where is the catch? Well, there
is a catch when it comes to the initialization of the reservoir. It needs to be initialized
such that the echo state property is satisfied (cf. [57]):

Definition 8.1. Echo state property: The effect of a previous state ri and a previous
input xi on a future state xi+k should vanish gradually as time passes (i.e. k ! •)
and not persist or even get amplified.

In other words the reservoir should never amplify or let values of states/neurons
persist. Otherwise, it will be impossible to learn the temporal patterns we envision.
Unfortunately no formal procedures exist that are guaranteed to give us a reservoir
with the echo state property. However, a heuristic exists that works well in practice.
If you are unfamiliar with the terminology that follows there is no need to worry,



Echo state networks (3) 

•  And we simply learn a Wout that minimizes 
the difference between the actual and 
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–  It should satisfy the echo state property 
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Fig. 8.14: Echo State Network (note that the input layer is fully connected to all
neurons in the reservoir and the same holds for the reservoir with the output layer)

of the network can be calculated as follows (assuming an activation function j and
jout for the reservoir and the output layer respectively):

ri+1 = j(Winxi+1 +Wri) (8.14)

ŷi+1 = jout(Woutri+1) (8.15)

Ok, so how do we learn? Well, just do the same as what we have done before, we
can just feed our temporal training data in a time ordered fashion and find weights
that minimize the error between the desired output Y and the predicted output over
the entire time series. Usually, the pseudo inverse method is used in the case of
echo state networks. We do specify an initialization period during which we do
not consider performance (the network needs to stabilize at first), this is called the
washout time.

Nice, very simple, very lean, but you can imagine that this random reservoir
seems a bit fishy, does it work well? Well, in fact it does, it has been shown to out-
perform other regression and classification algorithms in a variety of cases. Further-
more, the computational properties are very nice, and the network is very expressive
(in fact, as expressive as regular neural networks). So where is the catch? Well, there
is a catch when it comes to the initialization of the reservoir. It needs to be initialized
such that the echo state property is satisfied (cf. [57]):

Definition 8.1. Echo state property: The effect of a previous state ri and a previous
input xi on a future state ri+k should vanish gradually as time passes (i.e. k ! •)
and not persist or even get amplified.

In other words the reservoir should never amplify or let values of states/neurons
persist. Otherwise, it will be impossible to learn the temporal patterns we envision.
Unfortunately no formal procedures exist that are guaranteed to give us a reservoir
with the echo state property. However, a heuristic exists that works well in practice.
If you are unfamiliar with the terminology that follows there is no need to worry,



Echo state networks (4) 
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just skip the rest of this paragraph then. The initialization considers the eigen vectors
of the matrix W. Once the highest eigen value (also called spectral radius, noted as
r(W)) associated with these vectors is such that r(W) < 1 we almost always see
that the network satisfies the echo state property. Algorithm 19 (cf. [57]) shows how
the matrix W can be initialized in this way.

Algorithm 19: Reservoir initialization procedure
1. Randomly initialize an internal weight matrix W0. W0 should be sparse and have a mean
of 0. The size n reflects the number of training examples N (should not exceed N

10 to N
2

depending on the complexity)
2. Normalize W0 to matrix W1 with unit spectral radius by putting W1 =

1
r(W0)

W0
3. Scale W1 to W = aW1 where a < 1, whereby r(W ) = a
Then W is a network with the echo state property (has always found to be)

The lower the value of the parameter a the faster the dynamics of the reservoir are.
Well, there you go.

8.4 Dynamical Systems models

While we have seen models with a lot of expressivity, we started without any knowl-
edge on the precise form of the relationships between the different attributes and
targets: these had to be learned from the data. What if we do have some knowledge
about the form of the relationships, for instance obtained from literature in the spe-
cific domain? Obviously, we want to exploit this knowledge. An approach to build
domain knowledge-based models that cover temporal relationships are so-called dy-
namical systems models. The models represent the temporal relationships between
attributes and targets by means of differential equations (of arbitrary complexity)
and assume only numerical states. An example graphical illustration is shown in
Figure 8.15.

Y1	 Y2	

X1	

Fig. 8.15: Example dynamical systems model
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attributes and targets 
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just skip the rest of this paragraph then. The initialization considers the eigen vectors
of the matrix W. Once the highest eigen value (also called spectral radius, noted as
r(W)) associated with these vectors is such that r(W) < 1 we almost always see
that the network satisfies the echo state property. Algorithm 19 (cf. [57]) shows how
the matrix W can be initialized in this way.

Algorithm 19: Reservoir initialization procedure
1. Randomly initialize an internal weight matrix W0. W0 should be sparse and have a mean
of 0. The size n reflects the number of training examples N (should not exceed N

10 to N
2

depending on the complexity)
2. Normalize W0 to matrix W1 with unit spectral radius by putting W1 =

1
r(W0)

W0
3. Scale W1 to W = aW1 where a < 1, whereby r(W ) = a
Then W is a network with the echo state property (has always found to be)

The lower the value of the parameter a the faster the dynamics of the reservoir are.
Well, there you go.

8.4 Dynamical Systems models

While we have seen models with a lot of expressivity, we started without any knowl-
edge on the precise form of the relationships between the different attributes and
targets: these had to be learned from the data. What if we do have some knowledge
about the form of the relationships, for instance obtained from literature in the spe-
cific domain? Obviously, we want to exploit this knowledge. An approach to build
domain knowledge-based models that cover temporal relationships are so-called dy-
namical systems models. The models represent the temporal relationships between
attributes and targets by means of differential equations (of arbitrary complexity)
and assume only numerical states. An example graphical illustration is shown in
Figure 8.15.

Y1	 Y2	

X1	

Fig. 8.15: Example dynamical systems model



Dynamical Systems Models (2) 

•  Equations are based on domain 
knowledge (e.g. scientific papers) 

•  Models do contain parameters that can be 
tuned 
–  that is where the machine learning will come 

into play 
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Dynamical Systems Models (3) 

•  Let us consider an example model 
– model the relationship between activity and 

mood (think of the example of Bruce) 
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In the figure, the circles represent our target states (i.e. our Yi’s) while the squares
represent the attributes we want to use to make predictions (i.e. X1, . . . ,Xn). These
attributes are seen as external inputs that can influence our target states. To represent
the next value of a certain target state (e.g. for Y1) we can use the observed values
for the attributes X1, . . . ,Xn at the current time point as well as the current values of
our targets. A directed arrow in Figure 8.15 indicates that the value of the source of
the connection is used to calculate the value of the target at the next time point, i.e.
it influences the state.

8.4.1 Example based on Bruce’s data

Let us consider an example of a model, and take the one shown in Figure 8.1 again.
We want to model the relationship between the mood and the activity level nor-
malized to the [0,1] domain, and consider both as a target for our model. We use
one additional input, not being a target, namely whether the patient went outside of
the house during a day or not represented by 1 and 0 respectively. An example of a
simple dynamical systems model that represents this problem is shown below. Note
that we, for the sake of clarity, use a notation with names instead of indices in su-
perscript to identify the variables. We use brackets to denote the time point instead
of a subscript for the same reason.

ŷmood(t +D t) = ymood(t)+
xoutside(t) · (g1 · (1� ymood(t)) · pos(yactivity level(t)� ymood(t))+

g2 · ymood(t) ·neg(yactivity level(t)� ymood(t))) ·D t (8.16)
ŷactivity level(t +D t) = yactivity level(t)+

(g3 · (1� yactivity level(t)) · pos(sin(
t � g4p

g5
))+

g4 · yactivity level(t) ·neg(sin(
t � g4p

g5
))) ·D t (8.17)

Where:

pos(v) =

(
0 v < 0
v otherwise

(8.18)

neg(v) =

(
v v < 0
0 otherwise

(8.19)

8.4 Dynamical Systems models 185

In the figure, the circles represent our target states (i.e. our Yi’s) while the squares
represent the attributes we want to use to make predictions (i.e. X1, . . . ,Xn). These
attributes are seen as external inputs that can influence our target states. To represent
the next value of a certain target state (e.g. for Y1) we can use the observed values
for the attributes X1, . . . ,Xn at the current time point as well as the current values of
our targets. A directed arrow in Figure 8.15 indicates that the value of the source of
the connection is used to calculate the value of the target at the next time point, i.e.
it influences the state.

8.4.1 Example based on Bruce’s data

Let us consider an example of a model, and take the one shown in Figure 8.1 again.
We want to model the relationship between the mood and the activity level nor-
malized to the [0,1] domain, and consider both as a target for our model. We use
one additional input, not being a target, namely whether the patient went outside of
the house during a day or not represented by 1 and 0 respectively. An example of a
simple dynamical systems model that represents this problem is shown below. Note
that we, for the sake of clarity, use a notation with names instead of indices in su-
perscript to identify the variables. We use brackets to denote the time point instead
of a subscript for the same reason.
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with	



Parameter optimization (1) 

•  How important are the parameters? 
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While the model might seem complex, they behave in a reasonably straightfor-
ward way. One of the basic starting points is that we want to keep the values of
the states between 0 and 1. Hence, we can at most increase a state to 1 minus its
current value, and we cannot decrease a state more than its current value. If we look
at the equation for ŷmood , we see that we determine the next value ŷmood(t +D t)
by taking its previous value, and seeing how its value relates to the activity level.
If the activity level is above the mood, it will increase the mood, otherwise it will
decrease the mood. Note that this influence only holds in case of an outside activity.
For the activity level, we see that the value increases or decreases based on a sinus
function. You can see that a number of parameters are present: g1 to g5. A wrong
settings for these parameter values might result in undesired behavior. In addition,
we use a fixed step size D t as we have seen before.

Fig. 8.16: Example output using two parameter settings

Figure 8.16 shows an example of our model with two sets of parameter settings,
initialized at time point 1 with the same value (though scaled to [0,1]) as we have
seen in our example figure from Bruce in Figure 8.1. We assume that all days have
at least one outdoor activity (i.e. Xoutdoor = 1 for all time points). We set D t to 1
and run the model for 14 time steps (representing days). This means that we predict
the target values at t + 1 based on the predicted value at time t plus the external
inputs. We see that the parameter values have a huge influence on the predictions in
the figure. The figure on the right is clearly much closer to the measured data. We
will discuss ways to optimize the parameter values next. For some more extensive
examples of dynamical system models that predict human behavior, see e.g. [21]
and [20].



Parameter optimization (2) 

•  How do we find appropriate parameter 
settings? 
– Manual tweaking requires a lot of labor 
– We have data available that allows us to find 

“the best” parameter values using machine 
learning 

– Assume λ is a vector of parameter values, 
then the error we see is 
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8.4.2 Parameter Optimization

We can easily see that we can use this model to make predictions for the future,
even beyond a single time point. However, we would need to know the value for
the non-target attributes (in this case outside) as our models depends on that. If we
were to predict over multiple time points in the future without knowing the external
output, we could either take an average value for this, or sample from a distribution
that is in line with the previous observations of the variable.

So where does the machine learning come into play? Well, as said the setting
of the parameters is crucial and the best setting might be highly dependent on the
individual. Machine learning can help in finding the best settings for these param-
eters. Hence, we seek parameter values that minimize the difference between the
actual target value and the predicted ones (i.e. y(1), . . . ,y(N) versus ŷ(1), . . . , ŷ(N)
in our notation with brackets). We could treat numerous approaches that find the best
parameters. We will discuss two more heuristic oriented approaches, namely simu-
lated annealing(cf. [66]) and genetic algorithms (see e.g. [41] for a broad overview
of evolutionary algorithms, including genetic algorithms). Let us define the error
function of a model with parameter values l as follows:

E(l ) =
N

Â
t=1

(ŷ(t)� y(t))2 where ŷ(t) is the prediction of the model given l (8.20)

We need to find parameter settings that minimize this error function.

8.4.2.1 Simulated Annealing

When we consider simulated annealing we make random steps in the space of the
parameter values and see whether we make improvements in terms of performance.
There is something smart to it though: moves in the parameter space that do not
have a positive impact on the error are only considered with a reasonably high prob-
ability in the beginning to perform some exploration, while in the end these steps
are only rarely accepted. This depends on the notion of temperature. The lower the
temperature becomes the less we explore the search space and move into directions
where we are not certain to find better solutions. Consider the Algorithm 20. We
see that we perform a number of iterations (kmax) and in each iteration try a new
update of our parameter vector l . Of course, when taking the random steps we need
to make sure the values are within the desired ranges of the parameters. If the new
vector performs at least as good as our current one we take that as the current one.
If it does not, we accept it with a probability depending on the current temperature
and the parameter kb. This probability decreases when the temperature decreases.
Finally, the temperature is decreased by means of a parameter a , which is assumed
to be less than 1. The algorithm is simple and elegant, and in general can perform
quite well.



Simulated Annealing (1) 

•  Let us first focus on a very simple algorithm: 
simulated annealing 
– We randomly move in our parameter space 

•  so we randomly select values for our parameters 
–  Is that all? 

•  Nope, we assume a temperature of our process, and a 
maximum number of iterations (kmax) 

•  We accept parameter vectors that are better 
•  Depending on the temperature we can also accept 

parameter vectors that are worse (exploration) 
•  The closer we get to the end (the lower the 

temperature), the lower the probability of accepting 
vectors with worse performance 
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Simulated Annealing (2) 
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Algorithm 20: Simulated Annealing
lcurrent = random
Eprev = •
Temp = Tempinit
for k from 1 to kmax do

for i in l do
l 0

i = li + random
end
if E(l 0) E(lcurrent) then

lcurrent = l 0

else if e
(E(lcurrent )�E(l 0))

kbTemp � random(0,1) then
lcurrent = l 0

Temp = a ·Temp
end
return lcurrent

8.4.2.2 Genetic Algorithms

An alternative to the simulated annealing scheme presented above are genetic algo-
rithms. They work based on the theory of evolution. While there have been many
advancements in the field (see e.g. [41]), we will explain only the so-called simple
GA to get a feeling for the type of approach. Here, we follow the explanation as pro-
vided in [41]. The basic starting point of the algorithm is a population of candidate
solutions, in our case parameter vectors. In genetic algorithms these candidates are
represented by means of binary strings (the so-called genotype). We can allocate a
number of bits in the string per parameter value. The number of bits depends on
the desired granularity. Assuming we use n bits to represent one parameter value,
we end up with a genotype of length n⇥ |l |. An example of a bit string represent-
ing a parameter vector l with two values, each represented by 4 bits, is shown in
Figure 8.17.

1	 0	 1	1	1	0	1	1	

λ1	 λ2	

Fig. 8.17: Parameter Vector genotype

Ok, so we start with a certain random population of these candidates. We then go
into an evolutionary process very much inspired by natural evolution: we perform
selection of parents for a mating pool, perform crossover and mutation, and select
a new population for the next generation. This loop continues for a set number of
generations. Let us consider each one of these steps in a bit more detail.

Parent selection: First, we need to select parents for our mating pool. This is
done by means of the assignment of a fitness value to each of our individuals. In



Genetic Algorithms (1) 

•  Second option is to optimize the 
parameters using genetic algorithms 

•  We consider the simple GA 
•  We encode our parameter values as bits 

(genotype), these are individuals 

•  We create a whole population of these 
individuals 
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Algorithm 20: Simulated Annealing
lcurrent = random
Eprev = •
Temp = Tempinit
for k from 1 to kmax do

for i in l do
l 0

i = li + random
end
if E(l 0) E(lcurrent) then

lcurrent = l 0

else if e
(E(lcurrent )�E(l 0))

kbTemp � random(0,1) then
lcurrent = l 0

Temp = a ·Temp
end
return lcurrent

8.4.2.2 Genetic Algorithms

An alternative to the simulated annealing scheme presented above are genetic algo-
rithms. They work based on the theory of evolution. While there have been many
advancements in the field (see e.g. [41]), we will explain only the so-called simple
GA to get a feeling for the type of approach. Here, we follow the explanation as pro-
vided in [41]. The basic starting point of the algorithm is a population of candidate
solutions, in our case parameter vectors. In genetic algorithms these candidates are
represented by means of binary strings (the so-called genotype). We can allocate a
number of bits in the string per parameter value. The number of bits depends on
the desired granularity. Assuming we use n bits to represent one parameter value,
we end up with a genotype of length n⇥ |l |. An example of a bit string represent-
ing a parameter vector l with two values, each represented by 4 bits, is shown in
Figure 8.17.

1	 0	 1	1	1	0	1	1	

λ1	 λ2	

Fig. 8.17: Parameter Vector genotype

Ok, so we start with a certain random population of these candidates. We then go
into an evolutionary process very much inspired by natural evolution: we perform
selection of parents for a mating pool, perform crossover and mutation, and select
a new population for the next generation. This loop continues for a set number of
generations. Let us consider each one of these steps in a bit more detail.

Parent selection: First, we need to select parents for our mating pool. This is
done by means of the assignment of a fitness value to each of our individuals. In



Genetic Algorithms (2) 

•  From the population, we select parents for 
a mating pool 

•  We perform crossover and mutation 
•  We select a new population for the next 

generation 
•  We continue this for a number of 

generations 
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Genetic Algorithms (3) 
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Algorithm 21: Simple Generic Algorithm
population = random initialization of population with set population size ps
for i from 1 to max generations do

Select ps parents according to equation 8.21
Select pairs of parents from the individuals we have selected (without replacement)
Apply crossover to the parents with probability pc or copy the original parents
Apply bitwise mutation with probability pm on the result individuals
The individuals we have just created become the new population

end
return fittest individual in the final population

8.4.2.3 Multi-Criteria Optimization

The niche of these types of models is however that they focus on the relationship
between multiple target states. Often, trade-offs need to be made in the setting of
the parameters: adjusting a parameter might improve the predictions on one target,
while it worsens them for another target. If we assume all are equally important,
we can just optimize the mean squared error between the target values using the
methods we listed before. If we want to study the trade-off between the performance
on each of the targets we have a multi-criteria optimization problem.

Fig. 8.19: Error score model instances with Pareto Front

If we return to our previous example, we could end up with a series of parameters
settings for g1 to g5, where each setting results in an error on the mood target and
an error on the activity level target. We call a model with these parameter settings a
model instance. Hence, we have separate error functions per target:



Genetic Algorithms (4) 
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•  Selection of individuals is done by a roulette 
wheel: 

•  Crossover is straightforward (if we apply it to the 
parents), select a crossover point: 

•  Mutation is done per bit, with a probability pm 
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our case this would be the error of the parameter vector on the training set (called
the phenotype, encoded by means of the genotype of the individual in our popula-
tion). We select using a so-called roulette wheel technique: we assign probabilities
to individuals being selected based on their fitness. We select the same number of
individuals as our population size. For our error function (which we want to mini-
mize), the probability for each individual i which represents a parameter vector li
is expressed as follows:

Pi =
(1�E(li))

Âpop size
j=1 E(l j)

(8.21)

parent	1	 1	 0	 1	1	1	0	1	1	

parent	2	 1	 1	 1	0	1	0	1	0	

crossover	point	

child	1	 1	 0	 1	0	1	0	1	1	

child	2	 1	 1	 1	1	1	0	1	0	

Fig. 8.18: Simple GA single point crossover

Crossover: Once we have selected the individuals into the mating pool, we select
pairs of individuals (without using any of them twice) and perform crossover with
a probability pc. Crossover for the simple GA works with a single point: you select
a point in the bit string and create two children. For child one we take the first part
(before the crossover point) of parent one and the second part (after the crossover
point) from the second parent. For the second child we do the opposite. The process
is illustrated in Figure 8.18. If we do not perform crossover (since pc will be lower
than 1) we take the two original parents.

Mutation: Finally, we perform mutation with a certain probability pm. We do this
on each of the individuals resulting from the previous step. It works by flipping bits
in the bit strings of individuals with probability pm. The final resulting individuals
become the new population.

A brief summary of the evolutionary loop for the simple GA is shown in Algo-
rithm 21.
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Multi-Criteria Optimization 
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•  What if we have multiple targets? 
•  We could just take the average error over all 

targets (in fact, we have done so) 
•  We might however be interested in the trade-

off between different targets 
•  This is then a multi-criteria optimization 

problem 
•  We call a dynamical systems model with 

certain parameter values λ a model instance 
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Algorithm 21: Simple Generic Algorithm
population = random initialization of population with set population size ps
for i from 1 to max generations do

Select ps parents according to equation 8.21
Select pairs of parents from the individuals we have selected (without replacement)
Apply crossover to the parents with probability pc or copy the original parents
Apply bitwise mutation with probability pm on the result individuals
The individuals we have just created become the new population

end
return fittest individual in the final population

8.4.2.3 Multi-Criteria Optimization

The niche of these types of models is however that they focus on the relationship
between multiple target states. Often, trade-offs need to be made in the setting of
the parameters: adjusting a parameter might improve the predictions on one target,
while it worsens them for another target. If we assume all are equally important,
we can just optimize the mean squared error between the target values using the
methods we listed before. If we want to study the trade-off between the performance
on each of the targets we have a multi-criteria optimization problem.

Fig. 8.19: Error score model instances with Pareto Front

If we return to our previous example, we could end up with a series of parameters
settings for g1 to g5, where each setting results in an error on the mood target and
an error on the activity level target. We call a model with these parameter settings a
model instance. Hence, we have separate error functions per target:



Pareto efficiency (2) 
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•  We assume an error function per target 
 
•  We want to look for non-dominated 

instances 

•  Formally: 
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Etarget(l ) =
N

Â
t=1

(ŷtarget(t)� ytarget(t))2 (8.22)

We denote the error of a specific model instance with parameter vector l for a
target i as Ei(l ). We assume q targets. Let us consider Figure 8.19. The dots rep-
resent model instances with their mean squared errors for our two targets. We can
see that some instances score a lower error on the mood while others score bet-
ter on activity level. Some example instances clearly do not have very appropriate
parameter settings as other models score better on one of our two targets without
performing worse on the other. These are depicted in blue. Of course, these are not
the model instances we want to find, we only want to find model instances that are
not dominated by other models.

Definition 8.2. A model instance m is dominated by another model instance n when
the mean squared error obtained by model instance n is lower for at least one target
and not higher for any of the other targets.

More formally:

dominated(m,n) =

8
><

>:

1 9 j 2 1, . . . , p : errorm,i > errorn,i^
8i 2 1, . . . , p : errorm,i � errorn,i

0 otherwise
(8.23)

In the end, we are interested in finding a nice set of non-dominated model in-
stances. These non-dominated model instances make up the so-called Pareto Front
which connects the found models instances, shown as a red line in Figure 8.19. Of
course, in case of more targets we can just as easily go beyond a two-dimensional
representation (although it becomes hard to imagine beyond three dimensions).
Once the model instances are found, a domain expert can select a model deemed
appropriate given the importance of targets in the domain. For finding these model
instances that are positioned on the Pareto Front we have a number of options at our
disposal, where evolution comes to the rescue in one of the most well-known algo-
rithms called NSGA-II (for Non-Dominated Sorting Genetic Algorithm-II) [37].

We have explained the concept of an evolutionary algorithm (more in specific
the simple GA) before. NSGA-II work more or less based on the same principles
in terms of the representation (bit string again), and the mutation and crossover
operators. Of course our goal is now different: we want to find a good spread of
points that are positioned on a Pareto Front, we no longer have a ”best” solution as
we are considering the trade-offs between the predictions on multiple targets. Let
us first consider a population P of model instances. We first need to identify sets
of points that together form a Pareto front of non-dominated solutions, expressed
in Algorithm 22. This algorithm shows us that we form multiple Pareto Fronts of
non-dominated solutions, identified as Fi. We start with the first model instance in
our population and take that as a basis for a Pareto Front. We add model instances to
the front and remove them when they are dominated by other model instances in the
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us first consider a population P of model instances. We first need to identify sets
of points that together form a Pareto front of non-dominated solutions, expressed
in Algorithm ??. This algorithm shows us that we form multiple Pareto Fronts of
non-dominated solutions, identified as Fi. We start with the first model instance in
our population and take that as a basis for a Pareto Front. We add model instances to
the front and remove them when they are dominated by other model instances in the
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•  The NSGA-II algorithm can find these non-
dominated model instances 

•  NSGA = Non-Dominated Sorting Genetic 
Algorithm  

•  It has a population of solutions (like the 
simple GA) 

•  We create fronts from the population 
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front. After we have passed all model instances in our population we have our first
front, although we obviously do no know how optimal it is. We then continue with
the remaining model instances and look for a next collection of them that together
form a new one. Great, so we have a set of f Pareto Fronts F1, . . . ,Ff . Another
aspect is how well solutions are spread across our Paterto Front. We would like
to have a collection of solutions that are nicely spread across the front otherwise
we are not quite sure on the shape of the front, and the expert will not be able
to select a model that represents specific trade-offs well. To establish this, we first
need to determine the distance between points in our fronts.. This is performed using
calculation expressed in Algorithm 23. In the algorithm, we see that points in the
Pareto Front are initialized to a zero distance. Then, for each objective they are
sorted based on their error for that objective. Points that score highest or lowest on
the objective are set to an infinite distance as they are the most extreme points on
the front that we want to keep for sure. This is because we want have the maximum
width of our front and well will see that bigger distance means a higher chance of
being selected. Distance between the other points is the difference between the error
for the two adjacent points.

Algorithm 22: Finding Pareto Fronts
find pareto fronts(P):
used = []
i = 0
F = [] while |P|> 0 do

P0 = P[1] // The first model instance in the population
for p 2 P^ p /2 P0 do

P0 = P0 [{p}
for q 2 P0 ^ p 6= q do

if dominated(q, p) then
P0 = P0 \{q}

else if dominated(p, q) then
P0 = P0 \{p}

end
end
Add P0 to F
P = P\P0

i = i+1
end
return F

We are finally ready to look at the overall algorithm, which is expressed in Algo-
rithm 24. This shows how we proceed from one generation to the next. The initial-
ization can be done in a random way. In the algorithm, a combined population of the
parents and children is created. From these we identify the Pareto fronts following
the function we have previously seen. We then create a new population of parents
which we are going to fill. We start with the first (and most dominant) Pareto Front
we have identified, and add the complete set of points that span up the front. We
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•  We would like to get a nice spread of 
solutions across the Pareto Front 

•  We compute the distance of points to 
other points in the front and sort the points 
based in this distance (highest distance 
first) 

•  Points on the boundary are set to infinite 
distance 
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Algorithm 23: Finding distances between points on the Pareto Front
distance assignment(Fi):
l = |Fi|
distance = []
for j in 1, . . . , l do

distance[j] = 0 // Initialize the distance to zero
end
for k in 1, . . . ,q do

Fi = sort(Fi,k) // Sort the model instances based on their error for objective k
distance[Fi[1]] = distance[Fi[l]] = • // Make sure boundary points are always selected
for s in 2, . . . ,(l �1) do

distance[Fi[s]] = EFi[s],k +(EFi[s+1],k �EFi[s�1],k)

end
end
return distance

Algorithm 24: NSGA-II main loop
Rt = Pt [Ct // Take the parent and child population
F1, . . . ,Ff = find pareto fronts(Rt)
Pt = /0
i = 1
while |Pt+1|< |Pt | do

if |Pt+1|� |Pt |� |Fi| then
Pt+1 = Pt+1 [Fi
i = i+1

else
d = distance assignment(Fi)
Fsorted = sort(Fi,d)
Pt+1 = Pt+1 [{Fsorted [1]}[ · · ·[{Fsorted [|Pt+1|� |Pt |]}

end
Create Ct+1 using crossover and mutation
t = t +1

continue this until we can no longer add the complete front because of the limit on
the number of parents. In that case, we select the desired number of points from
the front under consideration and add the points that are most apart from the other
points (using the distance function defined before). Once we have the set of points,
we generate the offspring by applying crossover and mutation and move to the next
step. In the end, this brings us a nice Pareto Front which we can use to select the
most suitable model instance.

This ends our part on dynamical systems models. Note that more complex func-
tions to define the best possible model have been defined as well, see e.g. [24].
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•  Let us move to the CrowdSignals again 
•  Recall from last time: how did we tune the 

parameters? 
– Cross validation 
– Does that make sense now? 
– Nope it does not….. 
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7.10.2 Regression: predicting the heart rate

The next task we are going to consider is to predict the heart rate of the user based
on all other measurements, including the label. This is a regression task since we
are aiming to predict a continuous value. We will address this as a temporal task: we
will learn on the first part of the data (in terms of time) and predict for the remaining
part of the data. Of course the approaches we use from this chapter will not exploit
the ordering of the data, but we still have the temporal features we have identified in
Chapter 4. We will go through each of the steps in somewhat less detail compared
to our previous classification problem since the approach is very similar. Instead
of the accuracy for our previous problem we will use the mean squared error as a
performance metric (i.e. the lower the better).

7.10.2.1 Preparing the dataset for learning

As said, we are going to address this problem as a temporal learning problem. We
take an interval from the starting point of our measurements to about halfway (to-
talling to 1422 data points for training). We have selected this point because nearly
all activities (that are likely to be highly influential on the heart rate) are reflected
in this training period. As a test set we select the interval following our training in-
terval. We do however not continue all the way to the end point of our dataset, but
stop when we encounter an activity we have not seen before (and are unable to train
on), namely running. We understand this might seem a bit artificial but we need
to make sure that we have a representative test set as well. If we would have a lot
more data there would be no need to be picky. The test set contains 736 instances.
Figure 7.17 illustrates the selected training and test set. In our regression case we do
not remove any additional time points since the heart rate is known everywhere or
has been interpolated at least.

training	set	 test	set	

Fig. 7.17: Training and test set split for heart rate prediction task

7.10.2.2 Selecting attributes

We again go through the attribute selection phase. We define a number of subsets
similar to what we have done for the label prediction task. Table 7.7 shows the num-
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•  What techniques do we use? 
– Note: normalize values to [0,1] and [-0.9,0.9]/

[0.1, 0.9]  
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Fig. 8.20: Autocorrelation for different lags for hr watch rate

Table 8.1: algorithms variant and parameters varied for the regression problem

Algorithm Variant description Parameters varied

Echo State Network
(ESN)

Randomly connected reservoir
of neurons with tanh activation
function with the output being fed
back into the reservoir

Number of neurons in reservoir:
{500,1000,5000}
a: {0.4,0.6}

Recurrent Neural
Network (RNN)

Recurrent neural network with
one layer of hidden neurons with
a sigmoid activation function and
sigmoid output nodes

number of hidden neurons: {50,100}
maximum iterations over the entire
dataset: {250,500}

Time series ARIMAX algorithm using
Bayesian inference

p: {0,1,3,5}
q: {0,1,3,5}
d: {0,1}

performs best, but this is mainly because it just predicts approximately the average.
Our hypothesis is that the data for the heart rate is too noisy and inconsistent to really
identify trends over time. This only holds for the heart rate as we previously saw the
activity is very well learnable. Furthermore, as points are treated as a sequence and
the next prediction depends on the previous prediction as well, errors can easily
propagate over time while this is not the case for the previous approaches discussed
in Chapter 7. We see that we perform worse compared to those approaches, except
for the time series approach. When we consider the subset of predictors and their
relative performance we see a scattered picture but we do see that the temporal
features have less of an impact on the performance compared to the approaches that
do not consider the temporal dimension (and this makes sense of course).
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•  Autocorrelations we observe: 

•  Stationary time series (Dickey-Fuller test) 
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Fig. 8.20: Autocorrelation for different lags for hr watch rate

Table 8.1: algorithms variant and parameters varied for the regression problem

Algorithm Variant description Parameters varied

Echo State Network
(ESN)

Randomly connected reservoir
of neurons with tanh activation
function with the output being fed
back into the reservoir

Number of neurons in reservoir:
{500,1000,5000}
a: {0.4,0.6}

Recurrent Neural
Network (RNN)

Recurrent neural network with
one layer of hidden neurons with
a sigmoid activation function and
sigmoid output nodes

number of hidden neurons: {50,100}
maximum iterations over the entire
dataset: {250,500}

Time series ARIMAX algorithm using
Bayesian inference

p: {0,1,3,5}
q: {0,1,3,5}
d: {0,1}

performs best, but this is mainly because it just predicts approximately the average.
Our hypothesis is that the data for the heart rate is too noisy and inconsistent to really
identify trends over time. This only holds for the heart rate as we previously saw the
activity is very well learnable. Furthermore, as points are treated as a sequence and
the next prediction depends on the previous prediction as well, errors can easily
propagate over time while this is not the case for the previous approaches discussed
in Chapter 7. We see that we perform worse compared to those approaches, except
for the time series approach. When we consider the subset of predictors and their
relative performance we see a scattered picture but we do see that the temporal
features have less of an impact on the performance compared to the approaches that
do not consider the temporal dimension (and this makes sense of course).
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•  Results: 
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Fig. 8.21: Performance of different algorithms.

Fig. 8.22: Actual versus predicted values for RNN



Results (2) 

47	

•  Time series: 
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Fig. 8.23: Actual versus predicted values for ESN

Fig. 8.24: Actual versus predicted values for TS

8.6 Exercises

8.6.1 Pen and paper

1. Recurrent neural networks are known to have a problem to represent long term
memory. Approaches have been proposed that tackle this problem. Give two
types of recurrent neural networks that overcome this problem and explain how
they work.
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•  Time series feature importance: 
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Table 8.3: Attribute importance for ARIMAX model

Approach b

MA(1) 1.8606

MA(2) 2.2943

MA(3) 2.0588

MA(4) 1.2991

MA(5) 0.4741

acc phone x -0.2286

acc phone y -0.3136

acc phone z 0.1977

acc watch x 0.1259

gyr phone y -0.1105

gyr phone z -0.1282

labelOnTable 0.2781

labelSitting -0.1099

mag phone y -0.1317

press phone pressure 0.1173

2. Explain how the training time of a recurrent neural network relates to that of a
regular neural network without recurrence.

3. It seems strange that a random reservoir for echo state networks can do a similar
job as we see for other neural networks while saving training time. Try to find
a form of a proof that echo state networks are indeed able to learn patterns in a
similar fashion and write down the highlights of the proof.

4. A lot of effort has gone into trying to find better strategies to initialize the ran-
dom reservoir. However, due to the ”no free lunch theorem” there is not a single
approach across all datasets. Explain the concept of the ”no free lunch theorem”
in this context.

5. Give an example of a setting for the quantified self where you would expect a
recurrent neural network to work better than a feed forward network.

6. Although we have mainly treated pure machine learning based approaches, a dy-
namical systems model can also be a good starting point for predictive modeling.
Give two advantages of using such a model and two disadvantages.

7. For the algorithms we have discussed to tune the parameters of the dynamical
systems model, explain whether they are guaranteed to find the optimal parameter
setting.

8. How could we avoid overfitting towards the data for the parameter tuning of the
dynamical systems model?
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•  Recurrent Neural Network: 
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Fig. 8.21: Performance of different algorithms.

Fig. 8.22: Actual versus predicted values for RNN
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•  Echo State Network: 
198 8 Predictive Modeling with Notion of Time

Fig. 8.23: Actual versus predicted values for ESN

Fig. 8.24: Actual versus predicted values for TS

8.6 Exercises

8.6.1 Pen and paper

1. Recurrent neural networks are known to have a problem to represent long term
memory. Approaches have been proposed that tackle this problem. Give two
types of recurrent neural networks that overcome this problem and explain how
they work.


